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ABSTRACT 
Two types of dynamic analysis of multistory structures are presented 
in this thesis. First presented is the dynamic stiffness matrix method 
in which the masses are distributed along the constituent members. This 
method is composed of statics, stiffness and loading matrices. The 
statics matrices are established from the structural configurations, the 
stiffness coefficients are formulated from the elastic properties of the 
members, and the loading matrices are functions of the time dependent 
forces or time dependent foundation movements. The applied forces may 
be uniform, concentrated, triangular or joint forces. Computer programs 
are given to carry out the laborious calculations for the solutions of 
moments, shears and displacements. Two example problems are investi-
gated, one a continuous beam and the other a frame with sidesway, in 
which various types of loading are considered. The solutions obtained 
by the presented method have been compared satisfactorily with another 
method presented elsewhere. Typical computer programs and flow charts 
are given for which the sample computer input and output are shown. 
Also presented is a lumped mass method of dynamic analysis. Unlike 
the usual shear building type of analysis, however, joint rotations are 
considered, thereby permitting a more realistic analytical model. A 
finite difference method is used to solve the differential equation. 
In this method, the acceleration is approximated by a linear combina-
tion of the displacements from three previous time periods and the un-
known displacement to be solved for. This method also uses the displace-
ment approach for formulating the stiffness and loading matrices, which 
are modified to include the dynamic effect. 
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The lumped mass method has been extended for the analysis of 
elasto-plastic systems for which bilinear relationships between moments 
and rotations are assumed. To account for a plastic moment at some 
location, the stiffness matrix is modified so that a real hinge is in-
serted, and then the loading matrix is changed so that the actual plastic 
moment is included as external loading. 
Two computer programs are given, along with flow charts, which are 
used to investigate the two example problems. The first example is the 
analysis of a three story frame which experiences elastic deformations 
only. The same frame was analyzed elsewhere and the results are com-
pared. This frame is then analyzed for a set of loads that force it into 
the plastic region, and these results are compared with the purely elastic 
case. 
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I. INTRODUCTION 
WhP-n a structural system is subjected to a set of time dependent 
forces, the response for a given time will, in general, be different 
than the static response of the same system, due to a set of loads 
equal in magnitude to the instantaneous values of the dynamic loads 
for this time. This phenomenon is due to the inertia of the mass of 
the structure which acts to resist any change in velocity. The mass 
of the system is in reality distributed continuously along each member. 
However, the analysis can be greatly simplified by assuming that all 
the mass is concentrated at finite points. 
These dynamic loads may be of different types. They may be the 
result of an impulse, and treated as a linear function of time, or 
they may oscillate with some frequency, called the forcing frequency, 
as from an unbalanced machine. If the forcing frequency of an oscil-
lating load approaches what is called the natural frequency of the 
structure, the structure can vibrate with excessive amplitudes. If 
there were no damping, these amplitudes would become infinite. The 
natural period is the inverse of the natural frequency. Any load, 
even if it is constant, may be considered dynamic if it is applied 
quickly as compared to the natural period. 
Structural systems composed of prismatic members, in which the 
mass is assumed to be distributed, will be analyzed for various loads 
which oscillate with a constant frequency. The moments, shears and 
displacements will be calculated for a given frequency. It is obvious 
that when a frequency is near zero the response is the same as the 
static response, and when a frequency approaches a natural frequency 
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of the structure, the response should approach infinity, if damping is 
neglected. A matrix approach is used for the analysis so that the method 
is computer oriented. 
A method is also developed in which the mass is assumed to be 
lumped at the floor levels of a multistory structure. The dynamic loads 
in this method are assumed to be linear functions of time. The primary 
objective of this analysis is the calculation of the deflection for any 
time. The moments can then be calculated using the same basic relation-
ships between deformation and moments as in a static analysis. 
This method is extended so that any inelastic deformations which 
may take place in some members are accounted for. At any structural 
nodal point where the bending moment reaches the plastic moment the 
stiffness matrix should be modified so that a real hinge may be inserted 
at the location where inelastic deformation occurs. The external load 
matrix is then changed so that the proper components of the actual 
plastic moment are included in the loading. A matrix approach is also 
used in this method so that it is also computer oriented. 
The author wishes to thank Dr. F. Y. Cheng, his advisor, for the 
suggestion of the topic for this thesis and the guidance provided during 
this research program. 
The author is also thankful to Mrs. Elwood Runge and Mrs. Dennis 
Allen for their wonderful work in the typing of this thesis. 
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II. REVIEW OF LITERATURE 
A. Distributed Mass Method 
To date, there have been very few articles published on the 
forced vibration of rigid frames with distributed mass. Many of the 
papers written consider the analysis of a single simple beam only. (lZ,l3 )* 
Ebner and Billington(lZ) use numerical integration to solve the differ-
ential equation for a simple beam with one concentrated load at midspan. 
They consider variable cross section and internal damping. Herrmann (13) 
presents a method for the analysis of a simple beam, with distributed 
mass, when subjected to a general loading condition. No example is 
given, however, to illustrate the practical application of his method. 
These methods were not extended for use in rigid frames. So far, 
rigid frames with distributed mass have mostly been analyzed only for 
1 f . R (Z) h d . d' 'b . natura requenc1es. ogers presents t e ynarn1c moment 1str1 ut1on 
method for finding natural frequencies of multistory frames in which the 
mass is distributed along the members. Many of the concepts familiar 
from moment distribution have been used in modified form. 
(11) DeHart has developed a technique to analyze a one story frame 
with distributed mass. The free vibration solution was first found in 
terms of modes and then through the equating of internal and external 
energies the response was given for a uniformly distributed time de-
pendent load. This method, however, cannot be readily extended to an 
oscillating load or a multistory frame. 
Possibly the best method developed thus far is the one described 
by Levien and Hartz(S). They use a matrix approach which is similar 
* Numbers in raised parentheses refer to bibliography. 
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to the flexibility method often used to analyze static frames. The 
solution is given for two frames, one and two stories, with one con-
centrated load acting horizontally at the joint. The load considered 
is oscillating with some forcing frequency and the maximum moments are 
plotted for different values of this frequency. From these graphs the 
natural frequencies of the frames may also be found. One of the de-
ficiencies of the technique is that it is not possible to consider loads 
acting at points other than the joints. 
B. Lumped Mass Method 
The elasto-plastic response of multistory shear buildings is well 
known. Two good presentations are given by Rogers(Z) and Biggs( 7 ). 
In this type of analysis, the building is represented by a close-coupled 
spring mass set up. The force in each spring may vary elastically with 
displacement or it may be a constant value. If the floor system is not 
a great deal stiffer than the columns, so that joint rotation is negli-
gible, then the solution will be quite approximate. 
A type of elasto-plastic analysis for beams with distributed mass 
(16 17) has been presented ' and then extended to analyze a one story 
(15) . (17) . (16) frame • Se1ler and Ble1ch have developed similar methods in 
which a beam is analyzed when subjected to an initial velocity. The 
inelastic range is included in the analysis by assuming a real hinge 
at the point where the moment exceeds the elastic limit. From then on 
the solution is given in terms of normal modes of a beam with an in-
ternal moment at the hinge. DiMaggio(lS) used the method of Bleich and 
Salvadori to obtain a solution for the response of a three member frame 
with a time dependent load at the knee. The method is very cumbersome, 
however, and could not easily be extended to a multistory frame. 
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R 1 . (lB) d .b h . d aw lngs escrl es a tee nlque base on an energy approach in 
which the different modes of deformation are assumed, each having its own 
equation of motion. The order in which the different equations are used 
depends on the characteristics of the load time curve. This method is 
also extremely cumbersome and cannot readily be extended to a multistory 
frame. 
As to the computer oriented methods for the dynamic plastic analysis 
of multistory frames, with lumped mass and joint rotation, Berg and 
DaDeppo(S) carry out a step by step elastic analysis, using the Runge-
Kutta procedure to integrate the equations of motion, to a point in 
time when a moment at some node exceeds the elastic limit of the member. 
At this point a solution is superimposed so that the frame has a hinge 
at the node, this hinge being rotated in such a way that the total mo-
ment will not exceed the plastic hinge moment. The main drawback to 
this method is that vectors of influence coefficients, used for calcu-
lating resisting forces and bending moments, must be calculated separately 
using another program. Walpole and Sheperd( 6 ) use Newmark's method to 
integrate the differential equations which include damping. When the 
plastic limit is reached at some node, the stiffness matrix for that 
member is changed so that a real hinge is inserted. In this paper only 
loadings associated with ground accelerations are considered and the 
load values at time intervals are read in for each step. In both 
methods, the plastic hinge rotations are checked and the hinge is re-
moved when the direction of rotation changes. 
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III. DEVELOPMENT OF THE DYNAMIC STIFFNESS METHOD 
In this chapter a method is developed to analyze a structure, with 
distributed mass, which is subjected to dynamic loading. It is found 
that the moments and shears range from the static values, for small 
forcing frequencies, to extremely large values, for forcing frequencies 
near the natural frequencies of the structure. No damping is considered, 
nor are the effects of shear deformation, axial deformation, or rotary 
inertia. Due to the extreme increase in response near the natural fre-
quencies, it is found that these frequencies can be found rather easily 
using this method. 
This analysis is based on the dynamic stiffness concept for which 
the external displacements are solved by taking the product of the in-
verted dynamic stiffness matrix and the loading matrix. And then the 
moments and shears are calculated from the structural configurations, 
elastic properties of the members and the external displacements. Basic 
matrix manipulations will be briefly described in the following section. 
b f d . h . d f (3,14,19,20,21) Further work may e oun ~n t e c~te re erences, 
A. Formulation of the Basic Equations 
The frame in Fig. 1 is to be analyzed when it is acted upon by time 
dependent loads. Mass is considered to be distributed uniformly along 
the members. Fig. lb shows the possible locations of external loads and, 
since the displacement of every point cannot be calculated, the chosen 
locations of external displacements which are to be solved for. Any 
loading that is applied at a point other than those shown in Fig. lb will 
be broken into components in the form of fixed end moments and shears 
which act at those locations. The term, eipt, indicates that the loads 
vary with time, with a frequency, p, called the forcing frequency. 
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Sununing moments and forces from the free-body diagrams in Fig. 2, 
the dynamic equilibrium equations can be written. 
F ipt 
81 e = M2 + M3 
F ipt 
82e = M4 + M5 (1-a) 
F ipt 
v2 + vs 
00 ipt 
= v 2 ipt sle = + mlLlXsle + v5- mlLlp xsle 2 
The minus sign in the last of Eqs. (1-~ indicates that the inertia 
force opposes motion. 
Eqs. (1-~ can be expressed in matrix form. 
[A ] 
m 
F8~ 1 2 3 4 5 6 
1 1. 1. 
2 1. l. 
A 1 2 3 4 5 6 
(A J = 




a. Internal Actions 
(Positive Sense) 
b. External Actions 
(Positive Sense) 
8 
Fig. 1 Internal and External Actions on Distributed Mass Frame 
F ipt 8le 
a. Free-Body of Joint 1 b. Free-Body of Horizontal ~emher 
a. 
Fig. 2 Free-Body Diagrams from Distributed Mass Frame 
Deformed Member b. End :Forces 
(Positive Sense) 






It is proved by Wang( 2 ) that [B] =[AT], where [B] is the matrix 
that relates internal deformation to external displacement. 
In Fig. 3a the member ij is deformed, with possible deformations 
shown in their positive directions. Fig. 3b shows the resulting end 
forces in their positive senses. These forces are related to the defor-
mations through the member stiffness matrix. 
M. SM81 SM82 SMYl SMY2 8. 
l l 




v. SMYl SMY2 SVYl SVY2 Y. 
l l 
V. SMY2 SHYl SVY2 SVYl Y. 
J J 
This equation will be referred to in a more compact form of sub-
divided matrices. 
{~} = [-~~-~--+--~~-~] [ ~ l (2-b) 
Combining Eqs. 1 & 2 results in the governing matrix equation for the 
dynamic stiffness method. 
[K] is the structure stiffness matrix. 
[K] = 
(
A SM8 A T 
m m 






SMY A T 
m 








have been solved, from Eq. (3), the moments and 
shears can be computed using Eq. (2-b) and the following equations. 
{8} [AmT] {Xe} 




For a complete solution, the fixed end moments and shears due to 
loads applied at points other than these shown in Fig. lb, must be added 
to the calculated moments and shears. These fixed end values will be 
derived in part D. 
The case where there is no sidesway, such as a continuous beam, is 
a special condition in which the third of Eq.(l-a)need not be considered. 
Eq. (3) is reduced to the following since F and X can be eliminated. 
s s 
(6) 
The stiffness matrix from Eq. (4) is reduced to the following. 
[K] = [A SM8 AT] 
m m 
(7) 
The total solution, exclusive of fixed end moments, can be found 
by combining the first of Eqs. (5), Eq. (2-b) and Eq. (6). 
(8) 
Now the differential equation of motion will be given, along with 
its solution, so that the stiffness coefficients and moment coefficients 
can be derived. 
B. Development of Differential Equation 
The partial differential equation governing free vibrations of 
slender elastic beams with distributed mass and constant cross section 
may be found in a standard text( 2 ). 
84 82 
__z+~-I=o 
Clx4 EI Clt2 
(9) 
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It is shown that Eq. 9 has the solution of the form, 
y = X q, 
where X is a function of x only, called the shape function, and q is 
a function of t only, called the time function. By the well known method 
of separation of variables, Eq. (9) is separated into two distinct parts, 
one part a function of x and the other a function of t. These two parts 
2 
are equal to each other and are therefore equal to some constant, p . 
Now there are two ordinary differential equations: 
4 If we let ,\ 
(t) + 2 (t) q p q 0 
2 
~i X(x) = 0 
2 
= ~ then Eq. (11) becomes EI 
By using operators the solutions of (10) and (11) are: 






Since there are six constants to be solved for, then six conditions must 
be obtained. These are four boundary, or end conditions and two initial, 
or time conditions. 
The stiffness and moment coefficients will be derived considering 
boundary conditions only. Since boundary conditions relate to the shape 
function only, Eq. (14) will be our governing equation. The solutions 
obtained will be moments and shears, corresponding to the time when these 
are maximum, in terms of the forcing frequency. 
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C. Derivation of Stiffness Coefficients 
Using Eq. (14) and the boundary conditions obtained from consideration 
of Fig. 3, 
X Static Conditions Geometric Conditions 
0 Y'' = - M./EI Y' = e. 
J l 
L Y'' = - 11. /EI Y' = e. 
J J (15) 
0 Y''' = - V. /EI y = Y. 
l l 
L Y''' = - V ./EI y = Y. 
J J 
the stiffness coefficients in Eq. (2) can be derived. This has been 
b f (9,14) e ore , but the main points are presented for a thorough under-
standing. 
SM81, SM82, SMYl and SMY2 can be derived by letting 8., Y., andY. 
J l J 
equal zero as in Fig. 4 and solving for M., M., V. and V. in terms of 8 .. 
l J l J l 
Mi~ 




Fig. 4 Model to Solve Stiffness Coefficients 
All other coefficients can be solved in a similar manner and these 
are recorded below. 
13 
The effects of shear and axial deformation are neglected here. The 
entire matrix of coefficients are given below as they were given by 




(sinh¢ cos¢-cosh¢ sin¢)¢EI 
(cos¢ cosh¢ - 1) L 
(sin¢-sinhp) pEl 
(cos¢ cosh¢-1) L 
(sin¢-sinh¢) ¢EI 
(cos¢ cosh¢-1) L 
(sinh¢cosp-sinpcoshp)¢EI 
(cos¢ cosh¢-1) L 
(sinhpsinp)p2EI 
2 (cos¢cosh¢-l)L 
2 (cosh¢-cos¢) ¢ EI 
2 (cos¢cosh¢-l) L 
2 (coshp-cos¢)¢ EI 
(cos¢ cosh¢-l)L2 
(sinh¢sin¢) cp 2EI 
(cos¢cosh¢-l) L2 
(-cosh¢sinp-cos¢sinh¢)¢ 3Er 
3 (cos¢cosh¢-l) L 
(-sinp-sinhp)p 3EI 
3 (cos¢cosh¢-l) L 
(-sinh¢-sinh¢)p 3EI 
3 (cos¢cosh¢-l) L 
(-coshpsinp-cospsinhp)p 3EI 




These coefficients are given in the partitioned form as shown in 
Eq. (2-b). 
It must be observed that the parameter, ¢, is used here to represent 
the forcing frequency, p. ¢ is related to the forcing frequency by the 
following equation. 
¢. 
~ f& p L i ~ ~ (17) 
Therefore, although p is the same for the whole structure, ¢ is, in 
general, different for each member. It was found that for a given fre-
quency, p, rather than calculate ¢i for each member according to Eq. (17), 
it is convenient to calculate ¢r of a reference member, r, so that ¢i can 
be derived in terms of ¢ . 
r 
14 
¢i = 6. cpr 1 (18) 
where 
6. a. ~ 1 1 1 (19) 
where 
a. = L. /L 
1 1 r 
s. I. /I 
1 1 r 
(20) 
yi m./m 1 r 
Using this scheme saves having to recalculate the ¢ for every member 
each time that the forcing frequency is changed, which may be many times 
for one analysis. Once the 6. is calculated it will be the same for the 
1 
whole analysis. 
D. Development of Dynamic Fixed End Moments 
The dynamic fixed end moments and shears must be developed so that 
the method will take care of frames with loading between the joints. 
Fig. 5 represents the general loading condition. M and V are the dynamic 
0 0 
fixed end moments and shears in the assumed positive sense. 
Eq. (12) takes the following form: 
W(x)/EI (21) 
which has a solution of the form: 
X= X +X (22) 
c p 




01 ~ llllllrriiTrnrii 
oi 
Ill 
Fig. 5 General Type of Loading 
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As a first case the loading is uniformly distributed as in Fig. 6. 





M • OJ 
11111111 CJtl 
v . OJ 
Fig. 6 Uniformly Distributed Load 
It can be readily seen that 
X p 
w 
= - ED 4 
Combining Eq. (22) and the boundary conditions for a fixed end 





tsin¢ + sinh¢ -
2-2 cos¢cosh¢ 
cos¢sinh¢ - cosh¢ sin¢] 
[
1 +cos¢- cosh¢- cos¢cosh¢ +Sin¢ sinh¢l 
2-2 cos¢cosh¢ j 
[
cos¢ sinh¢ + sin¢cosh¢ - sin¢ - sinh¢] 
2-2 cos¢ cosh¢ 
[1 - cos¢ cosh¢ 
2-2 cos¢ cosh¢ 
- sin¢ sinh¢ - cosp + cosh¢] 
Substituting these values into Eqs. (14) and (15), we get the 







cosh¢ - cos¢ - sin¢ sinh¢] 
1 - cos¢ cosh¢ 
[
cos¢ sinh¢ + sin¢ cosh¢ - sin¢ - sinhp] 









It was found that these expressions converge to the static values of 
WL
2
/12 and WL/2, respectively, for small values of p. The investigation 
was made in an effort to check Eqs. (25) for correctness. 
Fig. 7 represents triangular loading. The fixed end moments and 
shears shown are in the assumed positive sense. 
W ipt xe 
M . L Heipt 
~~t(~1 • ·CIJJ· , m· , !TI]I , ,m1111TI1 IITIIIIITLilliTIII ill! I qrn~1 ~ . H . 
01 OJ 
Fig. 7 Triangular Loading 





After solving for the constants in Eq. (14) and back substituting 
into general moment and shear equations as before, we find the following: 
M . = 
01 
M , = 
OJ 







[- sinh~-~cos~-sin~cosh~ + cospsinh¢ + 
1 - cos¢ cosh¢ 
l.sin¢cosh¢-¢sin¢sinh¢ +sinh¢- cospsinh¢-sin¢jl ll - cos¢ cosh¢ 
[cosh~-~sinh~-~sin~-cos~ + sin~sinh~] 
1 - cos¢ cosh¢ 
[-~sinh~cosT+cosh~-~coshOsin1+sinh~sin1-cosTJ 






With the aid of the computer it was found that these dynamic fixed 
WL 2 WL 2 9 21 
end moments converge to the static values of ~· ~· 16 WL and 60 WL, 
respectively, for small values of p. 
In order to develop an expression for fixed end moments and shears 
for a concentrated load as in Fig. 8, it will be necessary to use the 
method of analysis just developed. 
Peipt 
H. l H . 01 V0 J)H liS. 
01 l OJ }-a b ~ 1 1 




a. External Action b. Internal Moments 
c. Internal Shears 
Fig. 9 Internal and External Actions for Concentrated Load 
From Eq. (4), [K) is set up. 
[K) = [SM8l(l)+SM81(2) 
SMYl(l)-SMYl (2) 
SMYl (1) -SMYl (2)] 
SVYl(l)+SVY1(2) 





e , the displacements from Eq. (3) are: 





Det K = (SM81(1) + SM81(2))(SVY1(1) + SVY1(2))-(SMY1(1)-SMY1(2)) 2 (31) 
Using Eqs. (2) and (5) the moment and shears can be calculated. Only 
values for locations 1 and 4 will be given because they correspond to the 
fixed end values. 
M . 
p [sM82(1)(-SMYl(l)+SMY1(2))+SMY2(l)(SM8l(l)+SM81(2)) J =--
01 DetK (32-a) 
M . 






p [sMY2(2)(-SMYl(l)+SMY1(2))+SVY2(2)(-SM81(1)-SM81(2))] =--OJ DetK (32-d) 
As before, it was found that these expressions also converge to the 
static values for small values of p. 
The last type of loading to be considered is the displacement of a 
member as in Fig. 10. 
19 
M . M . 
/'>. e i pt t~l !(VO=l .============----O__)]Jl v~!l Ol OJ 
Fig. 10 Beam with Foundation Movement 
It is readily seen that these moments and shears are defined by the 
third column of the member stiffness matrix since 8., 8., andY. are all 
l J J 
zero and Y. -- !'>.. Therefore 
l 
M 
oi (SMYl) ( -!'>.) 
M = (SMY2) ( -!'>.) 
oj 
v (SVYl) (-!'>.) = 
oi 




(sinh~ sin~) ~ 2EH 
(1 - cos¢ cosh¢) L2 
(33-a) 
(cosh~ - cos¢) ~ 2 EI/'>. 
(1 - cos¢ cosh¢) L2 
(33-b) 
(- cosh¢ sin¢ - cos¢ sinh¢) ¢3EI/'>. 
(1 
- cos¢ cosh¢) L3 (33-c) 
(- sinh¢ - sin¢) p3 EI/'>. 
(1 - coscpcosh¢) L3 
(33-d) 
And, as before, these expressions were also tested to make sure they 
converged to the static values, and it was found that they did. 
Now that the fixed end moments and shears are known, they can be used 
to build up the loading matrix in Eq. (3). The moment coefficients are in 
the computer program so that for a loading only the magnitude and direction 
need to be read in as data. 
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The programs are given in Appendix A and B. Given also are flow 
charts so that the programs may be more easily followed. These programs 
d 1 d . b Ch ( 14 ) b · were eve ope uslng programs y eng as a asls. 
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IV. DEVELOPMENT OF LUMPED MASS METHOD 
Before the high speed electronic computer came into widespread 
use, the standard method of dynamic analysis of multistory frames in-
volved the lumping of mass at each floor level. The simplest type of 
analysis uses the assumption that the floors are very stiff, as com-
pared to the columns, and therefore joint rotation can be neglected. 
This type of model is called the shear building. 
In this chapter, a method of analysis is presented which takes 
the joint rotation into account. This is an improvement of an existing 
method given by Michalos and Wilson(l). 
The elastic method is then extended to include the case where some 
of the members deform into the inelastic range. Most of the work done 
in this area have also assumed the shear type model. 
A. Dynamic Elastic Analysis 
Fig. lla shows the frame to be analyzed with possible external 
time q~p.endent: loads, in positive sense. The joints are allowed to 
rotate but no moments can be applied as loading, All the mass is assumed 
to be concentrated at the floor levels as m1 , m2 and m3 . Fig. llb shows 
the internal forces in their positive senses. The numbers on the mo-
ments will from here on be referred to as moment locations. The inertial 
force, miXi, is always in the direction of negative acceleration. 
Although the joints can rotate, these rotations will not be directly 
solved for so that the differential equation of motion will be of a 




External Time-Dependent Loadings 
Internal Resisting Forces 






c. Free-Body Diagram of Typical Mass 
Fig. 11 Forces on Model for Lumped Mass Analysis 
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Using D'Alembert's principle of dynamic equilibrium, the differential 
equation of motion can be written by considering Fig. llc. 
P. (t) = Ri + m. X. 
1 1 1 
(34) 
R. is the vector of restoring.forces due to the deformat{ons of the frame. 
1 
R. must be related to the story deflections, X.. This is done through .. 1 . . 1 
a stiffness matrix, [K], where each element of the ith column is the total 
shear at the floor corresponding to that element, when X. is unity and 
1 
the other floor deflections are zero. Since the stiffness matrix, [K), 
from Eq. (7) relates all possible external forces to all external deflec-
tions, the following partitioned matrix equation can be written: 
{ :: l ~ [~] F: l (35) 
Fs refers toRi and, as mentioned before, F 8 = 0. Since x8 is not to be 
directly solved for, it can be eliminated from Eq. (35) and then F can 
s 
be obtained as a pure function of X . 
s 
or 
[k] {X } 
s 
(36) 
R. = [k] X. (37) 
1 1 
A finite difference approximation(l) will be used for X. If we let 
n refer to the present time period, and n-1 the time period 6t earlier, 
then the approximation can be written as follows: 
1 -(6-t-)~2 (ZXi(n) - SXi(n-1) + 4Xi(n-2) - Xi(n-3)) (38) 
Substituting Eqs. (37) and (38) into Eq. (34) and solving for Xi, 
the following equation can be obtained. 
{X.} 
1 








{Di(n)} = {SXi(n-1) - 4Xi(n-2) + Xi(n-3)} (40) 
For a complete solution the moments must nm..r be solved for. The 
internal moments in Fig. llb can be found by the matrix equation given 
(3) by Wang . 
where for the prismatic member 
EI SM8 = 
L 
Xs refers to Xi, and x 8 is solved from Eq. (35). 
(41) 
(42) 
This procedure is a step by step method where time starts at zero 
and initial D. is assumed to be zero. Displacements and moments are 
1 
calculated for each successive time period, t + 6t. For an accurate 
solution 6t must be very small. . (11) Studies have been made by Norr1s and 
it was found that 6t equal to T /10, where T is the largest natural 
n n 
period of the structure, gives very good results. 
A computer program for this method is given in Appendix C along 
with the flow chart. 
B. Dynamic Elasto-Plastic Analysis 
The moments from Eq. (41) may exceed the elastic limit of the 
respecti~Te members. When this occurs, the elastic analysis was incorrect 
and the model must be analyzed by a method which includes inelastic 
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deformation in some of its members. The method in part (A) will now be 
modified to account for this occurrence. 
According to Wang( 3 ) when the moment at the end of a member equals 
or slightly exceeds the plastic moment, as given by F Z, then the member y 
stiffness matrix as given by expression (42) must be modified so that a 
real hinge is inserted at the point where the moment exceeds the plastic 
value. For a hinge at end i of some member ij, Eq. (42) becomes: 
EI [oo sMe = 1 (43) 
If a hinge is to be inserted at both ends, then SMe becomes the null 
matrix. 
A plastic hinge, however, is not truly represented by a real hinge. 
At a real hinge there is zero moment, but at a plastic hinge there is a 
constant moment, M . Therefore, a plastic hinge will be treated as a real p 
hinge with some external loading, equal to M , at the joint. p 
In order that external moments may be considered as loading at the 
joints of the structure in Fig. lla, Eq. (34) must be changed so that all 
the unknown displacements, xs and xe are calculated. 
If we consider Fig. 12 as the basic model with possible loadings 
shown as F
8 
and Fe, where Fs is time dependent and Fe is constant, a new 
governing equation can be developed by summing forces. It is given here 
in the form of a partitioned matrix equation, 
(44) 
where (K] is now from Eq. (7). 
Fig. 12 Possible External Loading for Elasto-Plastic Model 
Unknown external displacements due to loading may be solved for. 
where Di(n) is given by Eq. (40)~ 
Fe } 




Internal moments can be solved from Eq. (41) as before. The moments 
obtained in this manner will be exclusive of the plastic moments which 
cause the loads Fe. Therefore, a vector of moments, M , will need to be p 
added to those moments obtained from Eq. (41) for the final solution. 
When a plastic hinge forms at end i of some member ij, a moment, M, p 
is transferred to the joint at i as loading. Also, from basic concepts, 
one-half of M is carried over to end j, which is in turn transferred to p 
the joint at j, as loading. The assumption being, of course, that the 
joints at i and j are free to rotate. The shear forces on member ij due 
to some plastic moment are also transferred to the respective transverse 
loading. 
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According to Berg(S) the placement and extraction of the plastic 
hinge is dictated by the relative value of the moment at some location, 
i, and the sign of the rotating plastic hinge, respectively. The four 
possibilities are: (a) If the absolute value of the moment at some point 
is less than M , the hinge cannot rotate; (b) when the moment exceeds the p 
predetermined limit, the hinge is inserted and may rotate in the direction 
consistent with the sense of the moment; (c) as the hinge continues to 
rotate in the same direction, the moment is held constant; and (d) when 
the hinge begins to rotate in the opposite direction, then the hinge is 
removed and the moment is calculated according to elastic analysis. 





Figure 13. Idealized Moment-Rotation Relationships 
Plastic hinge rotations are calculated at each step by the method 
. b w (3) g1ven y ang . The rotation is then compared with the previous one, 
if any, to see if there has been a decrease in rotation. Rotations can 
be calculated by the following equation: 
} [ ] { } - [AmT] { xxes l {H = F M (46) 
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where Misgiven by Eq. (4l),f~:}by Eq. (45) and (F) is the flexibility 
matrix. 
Element i of vector {H} will have a value only as long as a plastic 
hinge exists at i and there is a discontinuity. At all other tiNes it is 
zero. 
The program in the appendix was developed and an example problem is 
given in Chapter V. The results of the elasto-plastic analysis are com-
pared with the purely elastic solution. 
C. Relationship Between Joint Rotation and Beam to Column Stiffness Ratio 
Many of the lumped mass dynamic analysis made use the well known 
shear building technique in which joint rotations are neglected. It is 
stated many times that for the practical case, a building will have ex-
tremely stiff floor systems, as compared to the columns. The frame in 
Fig. 14a was analyzed for a unit displacement and with ~/Kc ranging from 
1 to 100. Joint rotation, 8 is plotted in Fig. 14b for this range of 
Kb/Kc. It is seen that the curve rises sharply for Kb/Kc less than 10. 
It is difficult to say, however, just what value of rotation can be con-
sidered the upper limit of the negligible range. Certainly this would 
depend on the number of stories in the building to be analyzed. It has 
been suggested that the taller a building is the less effect joint rota-
tion will have on the deflection. The model shown in Fig. 14a cannot be 
directly extended to a multistory frame since there are two columns 
framing into the beam. However, it seems that a curve for a multistory 
buildin~ would be of the same general shape so that it could be used as 


























0~------~------~------~------~------~ 20 40 60 80 100 
Kb/Kc 
b. Rotation Plotted For Values of Beam to Column 
Stiffness Ratio 
F1g.l4 Model of Frame Analyzed for Stiffness- Rotation 
Relationships and Plot of These Relationships 
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V. EXAMPLE PROBLEMS 
A. Dynamic Analysis of Frame with Sidesway 
The frame in Fig. 15 was analyzed using the program in Appendix B. 
Four loading conditions were considered. All members are 8WF28, although 
the program will easily accept the case where all members are of different 
moment of inertia, length and mass. In Fig. 16, the moments for three 
members are plotted versus the non-dimensional parameter, ¢, which is 
related to the forcing frequency through Eq. (17). Also in Fig. 16 the 
second story deflection is plotted versus ¢. The static moments for 
loading 1 and the natural frequencies of the first two modes were found 
. d 1 d b Ch (l4 ) d h 1 us1ng programs eve ope y eng an t ese va ues are given in 
Tables 1 & 2, respectively. The static moments were calculated using 
this dynamic program with ¢ equal to .55. These are sho"m in the sample 
output under matrix F. They agree closely with Table 1. 
The input data are given along with a sample of the output. Output 
was received for ¢ values ranging from .5 to 4 in increments of .1. 
Not all moments and deflections for all loading conditions are plotted 
here because the idea is not to show the exact values of moment and de-
flection for each loading condition but to show the variation in these 
as ¢ changes from a small value, to the value associated with the natural 
frequency. Also, shears are not plotted, since it is obvious that their 
variations would be similar to that of the moment. 
The results show that given a particular value of forcing fre-
quency, the moments and shears can be found. Obviously, the closer the 
forcing frequency is to one of the natural frequencies the higher is the 
level of moments and shears. 
leiptK/Ft 
a. Loading 1 
c. Loading 3 
ipt 
CFel-Xe 1) e 
e. External Forces and Displacements 
(positive sense) 
W leiptK/Ft 
b. Loading 2 










f. Internal Forces and 
Displacements (positive 
sense) 
Fig. 15 Forces on Frame Analyzed in Example 1 
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INPUT DATA 
NP (number of degrees freedom) = 6 
NF (number internal forces) = 12 
NLC (number loading conditions) = 4 
NPS (number degrees freedom in sidesway) = 2 
~ 1 2 3 4 5 6 7 8 9 10 11 12 
1 1. 1. 
[A ] 
m 
2 1. 1. 
3 1. 1. 1. 
4 1. .1 1. 
~ 1 2 3 4 5 6 7 8 9 10 11 12 [A ] 
v I 1. 1. 
2 1. 1. 1. 1. 
~ p 1 2 3 4 5 6 
I 97.8 97.8 97.8 97.8 97.8 97.8 
L 10. 10. 10. 10. 10. 10. 
m 28. 28. 28. 28. 28. 28 






Location Loading Condition Homent Shear Deflection pt. Load Location 
3 1 100. 10. 
3 2 100. 10. 
3 3 30. 10. . 3 
4 1 -100. -10. 
4 2 -100. -10. 
4 3 -70. -10. . 7 
9 4 .01 
10 4 .01 
Table 1 Static Homents for Loading 1 














Table 2 Two Natural Frequencies of Frame 
Mode ¢ p(rad./sec.) 
1 1. 224 72.524 
2 2.218 238.075 
SAMPLE OUTPUT 
THE MATRIX A 
ROW 1 0.0 
0.10000000E 01 
0.0 
ROW 2 0.0 
0.0 
0.0 
ROW 3 0.0 
0.0 
0.0 
ROW 4 0.0 
0.0 
0.10000000E 01 













ROW 5 -0.10000000E 01 0.0 
ROW 6 0.0 -0.10000000E 01 
THE MATRIX AV 
ROW 5 0.0 
0.0 
0.0 









VALUE OF PHI BEING USED 0.5500 





































SM1 = 0. 814 79844E 04SH2 = 0. 40762046E 04 SJ'1V1 = -0 .12214880E 04SMV2 = -0 ,12230408E 04 
SRV1 = 0.24380043E 03SRV2 = 0.24473267E 03 
THE MATRIX P LC1 LC2 LC3 LC4 
ROW 1 -0.83322830F 01 -0.49691992E 01 -0.63031559E 01 0.0 
ROW 2 0.0 0.0 0.0 0.0 
ROW 3 0.83322830E 01 0.33832846E 01 0.14699254E 02 0.0 
ROW 4 0.0 0.0 0.0 
-0.12230393E 02 
ROW 5 0.50007992E 01 0.34994812E 01 0.21611814E 01 0.0 
ROW 6 0.50007992E 01 0.15014391E 01 0.78405495E 01 0.24473257E 01 w V1 
THE ASAT STIFFNESS MATRIX 
0.16296720E 05 0.40757160E 04 0.40757160E 04 O.OOOOOOOOE 00-0.12217730E 04 
0.12228330E 04 
0.40757160E 04 0.16296720E 05 O.OOOOOOOOE 00 0.40757160E 04-0.12217730E 04 
0,12228330E 04 
0.40757160E 04 O.OOOOOOOOE 00 0.24445080E 05 0.40757160E 04-0.12228330E 04 
O.OOOOOOOOE 00 
O.OOOOOOOOE 00 0.40757160E 04 0.40757160E 04 0.24445080E 05-0.12228330E 04 
0.122177 30E 04 - 0.12217730E 04 - 0.12228330E 04 - 0.12228330E 04 0.48675680E 03 
0.48930390E 03 
0.12228330E 04 0.12228330E 04 O.OOOOOOOOE 00 O.OOOOOOOOE 00-0.48930390E 03 
THE MATRIX X LC1 LC2 LC3 LC4 
ROW 1 0.56067170E-03 0.42210790E-03 0.12044000E-03-0.10427720E-03 
ROW 2 0.14393090E-02 0.91865930E-03 0. 93161730E-03 0.11024840E-03 
ROW 3 0.30444640E-02 0.16639480E-02 0.28832370E-02 0.32903690E-03 
ROW 4 0.24587050E-02 0 .13971510E-02 0.20005350E-02-0.31421610E-03 
ROW 5 0.64095310E-01 0.36537690E-01 0.52706750E-01 0.51827870E-02 
ROW 6 0.34794470E-01 0.18199420E-01 0.33176150E-01 0.51038560E-02 
THE MATRIX F LC1 LC2 LC3 LC4 
ROW 1 -0.30139450£ 02 -0 .154 73060E 02 -0.28817640E 02 
-0.49001040E 01 
ROW 2 -0 .17703580E 02 -0 .86771050E 01 -0.17040080E 02 -0.35546450E 01 
ROW 3 -0.17124810£ 02 -0.10575780£ 02 -0 .14607240E 02 0.21541800E 01 
ROW 4 -0.10434760£ 02 -0.71837010E 01 -0.4 7784330E 01 0.40034190E 00 
ROW 5 0.10434 770E 02 0.71836830£ 01 0. 47783960£ 01 -0.40034740E 00 
ROW 6 0 .14013150[ 02 0.92059620E 01 0.80820350£ 01 0.47334000£ 00 
ROW 7 -0.14013150E 02 -0.92059780E 01 
-0.80820460E 01 -0.4 7334000E 00 
ROW 8 -0.99662620£ 01 -0.73152460E 01 -n. J.3l97 320E 01 -0.22129310E 01 
ROW 9 -0.22476560E 02 -0.10851060£ 02 
-0.24232660£ 02 0.34322260E 01 
ROW 10 -0.32526840£ 02 -0.16560450E 02 -0.32415280E 02 0.46959230E 01 
ROW 11 0.34828380E 02 0.19252830E 02 0. 3164 7270E 02 0.14004560E 01 
ROW 12 0.32442790£ 02 0.18166270E 02 0,28052330E 02 -0.12192850£ 01 
THE SHEAR FORCES V LC1 LC2 LC3 LC4 
ROW 1 0.47896660£ 01 0. 24177930E 01 0.45908940E 01 0.84631130E 00 
ROW 2 0.47707340E 01 0.24079660E 01 0.45728230E 01 0.84340970E 00 
ROW 3 0. 77861830E 01 0.34510230E 01 0.89659650E 01 
-0.25193500£ 00 
ROW 4 -0.22809640E 01 -0.15858070£ 01 -0.10929490£ 01 
-0.25894350E 00 
ROW 5 -0.24450480£ 01 -0.16390860E 01 -0.12863620£ 01 -0.74122540£-02 
ROW 6 -0.24441170E 01 -0.16385610E 01 -0.12855030E 01 -0. 71850410E-02 
ROW 7 0.23625980E 01 0.16323500E 01 0,11600910E 01 0.26554480E 00 
ROW 8 0.24266500E 01 0.166 77160E 01 0 .12159110E 01 0. 27164550E 00 
ROW 9 0.54864000E 01 0.27339320E 01 0.56512860E 01 -0. 81720060E 00 
ROW 10 0.55059520E 01 0.27440420E 01 0.56702920E 01 -0. 80724900E 00 w 
ROW 11 -0.67262330E 01 -0.37414510E 01 -0.59689840E 01 -...J -0.17774870E-01 
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a. Moment At Location 3 For Frequency Parameter, rp 























b. Moment At Location I For Frequency Parameter, ¢ 
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d Xss Plotted For Frequency Parameter, cfJ 
Fig.l6 Dynamic Response Plotted Versus t/J in Example I 
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B. Dynamic Analysis of Continuous Beam 
i 
~· 
The two-span continuous beam shown in Fig. 17 was analyzed using 
the program in Appendix A. Three loading possibilities, as shown in 
Fig. 17c, d and e, were considered. Moments and deflections were calcu-
lated for values of¢, from Eq. (17), ranging from .75 to 5. Moments, 
corresponding to loading condition 1, for locations 1 and 2 were plotted 
in Figs. 18a and 18b. It can be seen that for the smallest value of ; 
the moments equal the static value given in Table 3. The moments in-
crease as ¢ increases, and reach their respective maximums at values of 
¢ corresponding to the natural frequencies of the beam, as given in 
Table 4. The static moments and natural frequencies were calculated 
(14) 
using programs by Cheng . 
Also shown here are the input data and a sample of the computer 
output. 
(Fel-xel)e ipt (Fe2-x82)e 
6Bl2 Q 6B8.5 Q 1 2 
10 1 J ,. 10 1 
---i. 
a. Beams Sizes and External 
Forces - Displacements 
(Positive Sense) 
£1111111111:5!.._ 
c. Loading Condition 1 
ipt trel M2~e2 MJ-e3 ~4-8 4 )z:( ~ 
b. Internal Forces -
Deformations (Positive 
Sense) 
2 ipt e~ 
::::zs:: 
d. Loading Condition 2 
(Fig. 17 to be continued) 
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lOeipt K 
3 I l 7 I 
e. Loading Condition 3 
Fig. 17 Forces on Continuous Beam Analyzed in Example 2 
For member (1) 
I = 21.7 in 4 and 12 lb./ft. w 
For member (2) 
I = 14.8 in 4 and 8.5 lb./ft. w = 
all E = 30 X 106 psi 
COMPUTER INPUT 
Number of degrees of freedom = 2 
Number of internal forces = 4 
Number of loading conditions = 3 
'~ 1 2 3 4 F0 e 
[A J = 
m 
1 0 1. 1. 0 
2 0 0 0 1. 
~ 1 2 r 
I 21.7 14.8 
L 10. 10. 
w 12. 8.5 
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Reference member properties 
I L w 
21.7 10 12. 
Loading 
Location Loading Condition Moment Point Load Location 
3 1 200. 
4 1 -200. 
3 2 200. 
4 2 -200. 
3 3 30. .3 
4 3 -70. . 7 
Table 3 Static Moments for Loading Condition 1 





Table 4 Natural Frequencies of Beam 
Mode </> p(rad. /sec.) 
1 3.423 408.154 
2 4.397 673.382 
SAMPLE OUTPUT 
THE DYNAMIC DISPLACEMENT METHOD FOR NON-SIDESWAY FRAMES 
THE HATRIX A 
ROW 1 O.OOOOOOOOE 00 
ROW 2 O.OOOOOOOOE 00 
0.10000000E 01 
O.OOOOOOOOE 00 
VALUE OF PHI BEING USED 3.300 
THE MATRIX S 
ROW 1 COL 1 7.7939490E-01 COL 2 
ROW 2 COL 1 9.5076760E-01 COL 2 
ROW 3 COL 3 5.1205210E-01 COL 4 
ROW 4 COL 3 6.5449400E-01 COL 4 
THE MATRIX P 
LC1 
ROW 1 0.21525220E 02 
ROW 2 -0.21525220E 02 
THE ASAT STIFFNESS MATRIX 
0.12914460E 01 0.65449400E 00 
0.65449400E 00 0.51205210E 00 
THE MATRIX X LC1 
ROW 1 0.10780320E 03 
ROW 2 -0.17982890E 03 
THE MATRIX F 1C1 
ROW 1 0.10249580E 03 
ROW 2 0.84021330E 02 
ROW 3 -0.84021330E 02 
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a. Moments At Location I For Frequency Parameter, cp 





















2.4 2.8 3.2 
cp 
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b. Moment At Location 2 For Frequency Parameter, cp 
Fig. 18 Dynamic Moments Plotted Versus cp in Example 2 
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C. Comparison of Dynamic Stiffness Method with Dynamic Flexibility ~ethod 
The frame shown in Fig. 19 was analyzed using the program in 
Appendix B. The results were compared with an analysis made by Levien and 
Hartz(l5 ). The same frame was considered using a distributed mass flexi-
bility approach, and results from that investigation are given in Fig. 20. 
Similar results are plotted using the dynamic stiffness method in Fig. 21, 
which agree closely with those given in Fig. 20. The results are also 
compared for a particular forcing frequency in Table 5. 
Both methods of analysis give moments, shears and deflections of a 
frame with distributed mass for any forcing frequency. The flexibility 
method, however, was not extended so that loads can be applied between the 
joints. This feature is a major part of the dynamic stiffness method as 
developed in this thesis. 
10 2 11 (F -X )eipt sl sl 
1 3 
0 1 






12 13 = 9.5 in. 
-5 lb-sec2/in m2 m3 6.88 X 10 
6.866 10-5 in 4 12 = 13 = X 
30 X 10 6 lb/in 2 
2 
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Table 5. Comparison for Fsl 5 lb. and p = 20 cyl/sec 
Item Stiffness Method Flexibility Method 
MO lO;Ml 11 -24.00 in-lb -24.02 in-lb 
' ' 
MlO O;MlO ll;Mll 1 + in-lb ±16.85 in-lb _16.83 
' ' ' 
V 0 10 ;V 1 11 4.59 lb 4.59 lb 
' ' 
VlO,O;Vll,l 3.59 lb 3.60 lb 
VlO,ll;Vll,lO -3.52 lb -3.53 lb 
xsl . 01295 rad . .01298 rad. 
xs2 .01295 rad. .01298 rad. 
X 
s 
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Fig. 21 Moments by Dynamic Stiffness Method 
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D. Elastic Analysis of Three-Story-Frame with Lumped ~tass 
The frame shown in Fig. 22 was analyzed for the time dependent loads 
shown using the computer program in Appendix C. The mass is assumed to he 
concentrated at the floor levels and joint rotations are taken into account. 
The same frame was analyzed by Biggs(?) using his own method which also 
considers lumped mass and joint rotations. In Table 6 are listed the 
comparisons between the two methods. Input data is shown along with a 
sample of the output from the program. 
Shown here also are checks of summation of forces at the floor levels 
and a compatibility check of 2 joints for one time interval. 
Subroutine QIINV inverts any square matrix using the method of Jordan 
elimination. Subroutine GMPRO multiplies any two compatible matrices. 
F4-x4 
M6 9 






a. Degrees of Freedom b. Internal Forces 
(Fig. 22 to be continued) 
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P3 (t) = • SPO 21WF62 





m2=1. 584 10WF21 10WF21 10' 
P1 (t)=P0 24WF84 t m1=1.692KsecL/Ft .2 Time (Sec.) 
10WF45 10WF45 15' 





c. Frame Properties and Loading 
Fig. 22 Forces on Frame Analyzed in Example 4 
T bl 6 C . . th B. ( 7 ) S 1 t. a e ompar1son w1 1ggs o u 1ons 
Item Biggs Botkin 
x7 (max) 0. 77 .797 inches 
xs (max) 1.15 1.19 inches 
x9 (max) 1.320 1.323 inches 
Moment (top story) 11.50 11.44 ft. kip. 
COMPUTER INPUT 
NP (Number of degrees of freedom) = 9 
NPS (Number of degrees of freedom in side sway) = 3 
NF (Number of internal forces) = 18 
~ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 
1 1. 1. 1. 
2 1. 1. 1. 
3 1. 1. 
4 1. 1. 
(A] = 5 1. 1. 1. 
6 1. 1. 1. 
7 a a b b b b a a 
8 c c b b b b c c 
9 c c c c 
a :::: ~,067 b = ,1 C F ~.1 
~ r 1 2 3 4 5 6 7 8 9 
I (in. 4 ) 248.6 106.3 106.3 1326.8 106.3 106.3 248.6 2364.3 2364.3 
L (Ft.) 15. 10. 10. 30. 10. 10. 15. 30. 30. 
~ 1 2 3 'Y 
m (Lb-sec 2 /in2) 1.692 1. 584 .792 
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Compatibility Check 
For t = .09 sec. the following information was taken from the computer 
output. 
xl -.1923 X 10-
4 
rad. 





.1680 X 10 ft. 
x8 .16934 
-2 
X 10 ft. 
M3 .16218 kip. ft. 
Ml7 1. 8947 kip. ft. 
Using the slope deflection equation, M3 and M17 were calculated 
M3 .1619 kip ft. 
M17 = 1.8943 kip ft. 
Check Summation of Forces at Floor Level 
For t = .3 sec. the following information was taken from the computer 
output. 
M5,M9 5.57 kip ft. 
M6 ,MlO 6.05 kip ft. 
ACC 3 .2218 ft/sec 
2 
2 
M3 .792 K sec /ft 
F3 (.3) 2.5 kip 
Summing forces at the third floor level 
V M - 2(5.57) + 2(6.05) + (.792)(.2218) = + a - 10 10 
1.11 + 1.21 + .175 = 2.495 kip 
So the internal forces equal the external forces. 
SA~!PLF nrTPUT 
STIFFNESS MATRIX 
ROW 1 0.869S2390E 03 
ROW 2 -0.S3166960E 03 
ROW 3 0.28438780E 02 
THE DYNAHIC STIFFNESS :!ATRIX 
-O.S3166960E 03 
0.97877440E 03 
-0.4 77 36980£ 03 
ROW 1 0.34709S20E OS -O.S3166960E 03 
ROW 2 -O.S3166960E 03 0.326S87~0E OS 
ROW 3 0.28438780£ 02 -0.47736980£ 03 
0.28438780E 02 
-0.4 77 36980E 03 
0.4S001040E 03 
T = 0.01 X1 = 0.7293S790E-OS X2 = 
0.28438780E 02 
-0.4 77 36980E 03 
0.16290000E OS 
0.63S73610E-OS X3 = n. 784698SOE-os 
ROTATIONS 
-0.72813740£-07 -0.23822SOOE-08 -0.30694300£-07 -0.72813910E-07 -0.23822SOOE-08 
END MOMENTS 
ROW 1 -0.9S7S4480E-02 
ROW 2 -0.90726310£-02 
ROW 3 0.1899SS90E-02 
ROW 4 0.1S876060E-02 
ROW S -0.18222890£-02 



































E. Elasto-Plastic Analysis of Three-Story-Frame with Lumped Mass 
The frame shown in Fig. 22 was analyzed, when subjected to the loads 
in Fig. 23, using the computer program in Appendix D. In this analysis, 
the moment in any member was not allowed to exceed the plastic moments as 
given in Table 7. These moments were read into the program as data along 
with the data shown in example (D). The computer output is the same as the 
sample shown in example (D). 
Fig. 26 is a plot of the story deflections, both purely elastic and 
elasto-plastic. Also plotted, Figure 25, the elasto-plastic response using 
th h b . ld . d 1 Th . 1 . . d b B . ( 7) e s ear Ul lng as a mo e . lS ana ysls was carrle out y lggs 
and is seen to differ substantially with the values for the case where 
joint rotations are considered. 
In Fig. 27 the response is given when loads one and two are doubled 
and three is tripled. At sometime during the analysis eight plastic hinges 
are developed, as shown in Fig. 24. For a static elasto-plastic analysis 
this would certainly be a collapse mechanism, due to the singularity of the 
stiffness matrix. However, in the dynamic elasto-plastic method, the stiff-
ness matrix is no longer singular and, therefore, as seen in Fig. 27, the 
frame does not collapse. It is seen that elasto-plastic deflections are 
greater than the elastic ones and there will certainly be some permanent 
deflection. If some additional deflection can be tolerated then smaller 
members may be used and some inelastic deformations will take place. 
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pl (t) p 12 kips; T = 2.0 sec p 0 0 
0 
p 2 (t) 10 p kips; T 1.6 sec 0 0 
P3 (t) p = 6 kips; T = 1.0 sec 0 0 
0 






Fig. 24 Plastic Hinge Locations ~or EXample 5 
Table 7 Plastic Moments for Members 
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Fig. 26 Story Deflections For Elastic and Elasto- Plastic Response 
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Fig.27 Response Due to lncreosed Loading 
.6 .7 .a .9 
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VI. CONCLUSIONS 
Methods have been developed in this paper to analyze multistory 
structures which are acted upon by time dependent loads or foundation 
movements. The distributed mass method uses the assumption that the mass 
is continuous and, therefore, can be said to be exact. In this thesis 
only bending deformations were considered. This method was found to give 
very accurate results when compared with the method presented by Levien 
and Hartz(S). The method developed in this thesis has a definite ad-
vantage over the one with which it was compared. The dynamic loads can 
be applied between the joints. Due to this, a more realistic representa-
tion of blast loading can be considered. Ground motion can also be in-
eluded, as in the case of earthquakes. From any analysis three different 
solutions can be obtained: (1) the static response; (2) the level of 
response or any forcing frequency; and (3) the natural frequency of the 
structure. 
A method was also developed in which the mass is concentrated at 
the floor levels and the columns are assumed to be massless. Due to this 
assumption, along with the use of a numerical solution of the differential 
equation, the solution is less accurate than in the distributed mass 
method. It is seen in one of the example problems, however, that quite 
an improvement is made in the solution by including joint rotation. 
The lumped mass method, when expanded to include the plastic range, 
is very useful. The program prints out the locations of plastic hinges 
when they form and also the locations where they are relieved. No know-
ledge is needed about combinations of different types of mechanisms. 
Presently, loading between the joints is not considered, but with minor 
modifications this could be done. 
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It was found in this investigation that the frame experienced a 
plastic mechanism which would collapse a static frame, as detected by 
the singularity of the static stiffness matrix. Although the deflections 
became quite large as compared to the fully elastic analysis, the dynamic 
frame reached a maximum response and then began to rebound. No collapse 
occurred. This phenomenon is due to the dynamic part of the stiffness 
matrix preventing it from becoming singular. Physically, although the 
resisting forces may reach a maximum, additional load can be balanced 
by the inertial forces of the mass, thereby preventing collapse. 
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Non-Sidesway Distributed Mass Program 
LIST OF SYMBOLS 
XM Mass of members 
XL = Length of members 
EI = Moment of inertia of members 
ALPHA = Length of member divided by length of reference member 
BETA = Moment of inertia of member divided by moment of inertia of 
reference member 
DEL = ALPHA* (GAMMA/BETA)**.25 
S Stiffness coefficients of members 
P Loading matrix 
F = Internal moments 
MO = Fixed end moments 
MJJ, MIJ = Static part of dynamic fixed end moment 
X = External displacements 
A Statics matrix relates P and M 
ASAT = Stiffness matrix, relates P and X 
INDEX = Pivot row in inversion process 
LCC = Loading Condition 
NP = Number of degrees of freedom 
NF = Number of internal forces 
NLC = Number of loading types 
CC = Frequency parameter, t for reference member 
or + for each member 
XEl = Moment of inertia of reference member 
XXL = Length of reference member 
XXM = Mass of reference member 
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Distributed Mass Program with Side Sway 
LIST OF SYMBOLS 
SMV Stiffness coefficient for moment due to deflection 
SRV = Stiffness coefficient for shear due to deflection 
SM = Stiffness coefficient for moment due to rotation 
p External loading matrix 
F Internal moments (including fixed end moments) 
X External deformations 
v Internal shears (including fixed end shears) 
AM = Statics matrix relating p and F 
AV = Statics matrix relating p and v 
AMS Statics matrix to include force due to mass acceleration 
VJJ Static part of dynamic fixed end shear 
VO = Dynamic fixed end shear 
MJJ = Static part of dynamic fixed end moment 
MO = Dynamic fixed end moment 
AMX = AM times X equals internal rotations 
ARX = AR times X equal internal deflections 
XM = Mass of member 
XK ASAT - Stiffness matrix relating P and X 
XL = Length of member 
EI = Moment of inertia of member 
XXM Mass of reference member 
XXL Length of reference member 
XEl Moment of inertia of reference member 
LCC = Loading condition 
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COMPUTE ALPHA, BETA, 
GAMMA, DEL 
SET MJJ, VJJ, VO, 
VAJ, LCC, TO ZERO 
FLmv CHART 
77 
ADD FIXED END SHEAR 
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Elastic Lumped Mass Program 
LIST OF SYMBOLS 
XO = External Rotations 
X = External displacements 
Xl, X2, X3, XA = Story displacements 
XL Member lengths 
EI = Member moments of inertia 
M = Internal moments 
Pl, P2, P3 = External loadings 
K = Structure stiffness matrix-dynamic 
F = K inversion 
ASAT = Static structure stiffness matrix 
B Loading matrix 
S Stiffness coefficients 
W Mass lumped at each story 
NP = Number of degrees of freedom 
NPS = Number of degrees of freedom in side sway 
NF Number of internal forces 
DT Small increment of time 
A = Statics matrix relating external forces and displacements 
VEl, VE2, VE3 
AC 1 , AC 2 , AC 3 
Velocities of mass points 
Accelerations of mass points 
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K 




STORE STORY DISPLACEMENTS 
FOR NEXT LOOP 
CALCULATE VELOCITIES AND 
ACCELERATIONS 
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Elasto-Plastic Lumped Mass Program 
LIST OF SYMBOLS 
Xl, X2, X3 = Story deflections 
P External loading 
X = External deflections 
ROT = Plastic hinge rotations at time T 
PRERO = Plastic hinge rotations at time T-DT 
NH = Location of newly formed plastic hinge 
IRH = Location of newly relieved plastic hinge 
LH = Location of plastic hinges 
PE External loading due to plastic hinges 
PLASM = Moments at hinge locations 
M Final moments 
A = Static matrix relating P and M 
S Stiffness coefficients 
D Flexibility coefficients 
XL Lengths of members 
EI = Moments of inertia of members 
Pl, P2, P3 =Time dependent loadings 
T Time in seconds 
Q Dummy variable for T 
DT Time increment 
MP = Plastic moments for all members 
W = Mass lumped at floor level 
ASAT = Static stiffness matrix 
B = Sidesway loading only 
Dl, D2, D3 = Linear combinations of story displacements from three 
previous times 
VEl, VE2, VE3 = Velocity of floors 
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ACl, AC2, AC3 = Acceleration of floors 
K = Dynamic stiffness matrix 
94 
SET PH, NH, IRH, ROT, T, 
LH, PLASM, PRE RO TO 
ZERO 
CALCULATE INITIAL 
STIFFNESS AND FLEXIBILITY 
COEFFICIENTS 
=0 
REMOVE HINGE AND CALCULATE 





NEW STIFFNESS COEFFICIENTS 
WRITE 
FLOW CHART 
COMPARE M WITH MP 
AND STORE LOCATIONS 
WHERE > 1 IN NH 
COMPARE ROT WITH PRERO 
AND STORE LOCATIONS OF 
DECREASE IN IRH 





TO USE IN NEXT LOOP 
SET INITIAL 
DEFLECTIONS TO ZERO 
=0 
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~ I 1-1 AT 4 C I= 14 0 1>1 7 , T p .> F- n 5 , P A G r= S - r. 9 0 B Di 
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1 6 OOU'1 LE PRI=r. TSION A~AT (l 0 ,1 0 ), 8 {J O , l ), DABS 
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REAO ( 1,101 ) NP , NP S, NF 
DT= . 005 
N P R =N P- ~1 P S 
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102 FO~~AT ( RF10 . 4 ) 
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S C2*N +?J=S I 2*N-ll 
77 CONTINUE 
GO TO 29 
JwJ=-.r:n 
PH= 0 H+l. 
00 74 N= l , NF 
lF( NH(Nl . EO . Ol GO T0 74 
I rJ \ = 
NH (N)= O 
KKK=N 
IF ( M!N, ll . LT . OlG O TO 80 
111 1..) KR-1 I 
- - . GO Tfl R J --,:1 
80 KR=-1 
Al PLASM(N ,l l=KR*MPlN l 
+ 
l Fl KKK . EO . ?*NOPlGO TO 86 
1F( 0 LASMIN+l,tl . FC . O I PLASM ( N +l,l)=DL AS~ ( N ,li/ L . 
GO T'l 82 
IH .. ' H6 lF( Pt.ASlllN- 1, l) . FQ . O !PLASM ( N-t 
R2 CALL GMPRO ( A,DL ASM , PE, N° , NF ,ll 
On 8R J= l , NP 
P F ( J, 1 I = - P F ( J , 1 J 
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54 IF1 Dl8S IROT ( J , 11) . LT •• 00000 1} R0 T(J , l )= 
2~? DO 71 J=l , ~F 








DO p , J =l , NF 
l.l l fP·1H( J l . fQ .1 lGO TO ?3 
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54 IF! DlASIROT (J , ll) . lT •• OOOOO lJ ROT fJ , ll= 
DO 71 J=l,~F 
. OJI RH ( 'J I =l 







lF IIN11FX(l)) 115, 116,115 
116 Tf~P=~~BS(ASAT(I ,Il l 
IF (TPAP-AMAX l llS, 115, 117 
2 C) 5 P t vn T =AS AT ( I C 0 l, I COl I 
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300 DO 1?1 I=l,NP 
OJ IF (I-IC1Ll 1?2, 121, 122 
02 112 lf"'P-AS!\1 IJ,!Cllll 
303 ASAT {1,1COU=0.0 
304 DO 121 J=l,NP 
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no t K=t,Ll 
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